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Parametric modelling in industrial process tomography
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Abstract

Pixel-based tomography has been used with great success for medical applications where it is most appropriate but this approach does
not always transfer easily to industrial applications. For example pixel-based image reconstruction from electrical impedance tomography
measurements is well known to be an ill-posed problem and with high noise levels such tomograms cannot be reliable. An alternative
approach is to use a parametric representation of the tomogram for which reconstruction can be better posed. The primary reason for
parametric modelling, however, is interpretation. This paper compares parametric modelling to other methods and then gives an example
of the method for an application to a hydrocyclone. Two tomographic modalities are discussed and the results from parametric modelling
are validated. This example demonstrates the great power achievable from a parametric modelling approach to tomographic imaging of
industrial processes. ©2000 Elsevier Science S.A. All rights reserved.
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1. Introduction

The First World Congress on Industrial Process Tomogra-
phy is a clear indication of the great interest in the applica-
tion of tomography to industrial processes and that such ap-
plications present new challenges for tomographers. There
are different requirements in an industrial environment than
there are within a medical one: different regulations regard-
ing for example use of ionising modalities, different speed
requirements. The greatest difference however is the subject
matter. An industrial process might be very much simpler
than the human body or indeed more complex. It is the sim-
pler representations of some processes that allow the para-
metric approach outlined here and produce the subsequent
advantages.

Pixel-based tomography, in which a picture is represented
by an array of pixel values, has enjoyed much success in
medical applications. Body scanners based upon X-rays and
ionising radiation are very widely respected. The same prin-
ciples can be, and have been, applied to industrial processes
for many modalities. For hard fields such as ionising radia-
tion, this approach could be equally successful in producing
tomograms. Data interpretation can be a different matter. In
medicine, interpretation of tomograms has traditionally been
by human inspection. Industrial applications may require in-
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terpretation at very high rates analysing many tomograms
per second, or require quantification for process control.

Electrical impedance tomography (where impedivity or
resistivity is imaged) and electrical capacitance tomogra-
phy (where relative permittivity is imaged) have now been
applied to many industrial processes [1]. Linear back pro-
jection has been the favourite method of reconstruction al-
though it is only a crude approximation. It has had speed
advantages. Pixel-based reconstruction has also been advo-
cated sometimes with an iterative method [2] that reduces
speed of reconstruction. This is well known, however, to be
ill conditioned and regularisation is required [3]. In the pres-
ence of high noise levels, the regularisation must be heavy
and solutions produced may depend on the initial guess of
the tomogram and so cannot be reliable. Some regularisa-
tion can be achieved by reducing the number of pixels but
this then leads to a poorer approximation of the image [4].

The tomogram could be built upon basis functions that
suit the geometry of the problem [5] or the geometry of fea-
tures such as boundaries (wavelets). The weights for these
functions are called parameters and their determination the
parameter identification problem. In practice a subset of the
basis functions will be used to reduce the number of param-
eters to be determined. Selecting those basis functions that
best represent the expected image variations is a significant
development [6].

Here it is suggested that the industrial process image be
modelled to produce a parameterisation of the tomogram. A
similar approach has already been partially adopted for work
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Fig. 1. Diagram to illustrate the links between units of tomography
systems.

with the imaging of gas-oil flows and separation by electrical
capacitance tomography [7,8] and for X-ray photography of
hydrocyclones [9]. The general philosophy is to incorporate
those features of the process that the tomogram is produced
to elucidate. Thus, the parameters identified during recon-
struction are exactly those required for image interpretation.
Computational effort is thus, efficiently utilised.

If the number of parameters in the model is small then the
reconstruction problem can be better posed, interpretation
is efficiently accomplished and a suitable quantification is
made available for process control purposes. This is viewed
as a complete philosophy of process measurement, presen-
tation, and control.

Fig. 1 illustrates the differences in the approaches out-
lined above. In the pixel-based approach, there is a direct
link between the tomogram representation and the display of
the tomogram. Often interpretation is from a displayed to-
mogram (as in medical applications) but this is not practical
for automated process control, especially if tomograms are
to be interpreted at a rate of many per second. For soft-field
tomography, data is linked to a tomogram by a reconstruc-

tion algorithm by a complex relationship. Only for a para-
metric model based tomogram is there a direct link between
the tomogram and interpretation.

In Section 2, an example is given of the application of
parametric modelling to a hydrocyclone. The method is
described for two different modalities: reflection-mode
ultrasound tomography (UST) and electrical resistance
tomography (ERT).

It is important to observe that a poor model could yield
poor results. Hence, it is necessary to have adequate back-
ground to the industrial process which is to be studied. Para-
metric modelling and fitting can then provide better detail.

Note that there is always a model: the model might be
that the image comprises pixels. Here the philosophy is to
find a better model than pixels; one that aids interpretation
and is able, due to better posing, to gain more from the
measurements.

In the hydrocyclone example which follows, great care
has been taken in the analysis of the results and validation
sought by the use of three different imaging modalities. A
more detailed model would contain more parameters but
then it would not be practical to determine these well. The
best model describes the industrial process and what inter-
pretation is sought whilst being parsimonious so that re-
construction (parameter determination) does not become ill
posed or ill conditioned.

2. Hydrocyclone imaging

The fluid-dynamic modelling of high-density slurries
within a hydrocyclone remains a very complex problem.
A body of work has been undertaken bringing together a
number of tomographic modalities in order to image within
the cyclone [10]. The results from this can then be used to
verify fluid dynamics work and phenomenological models
[11,12]. Performance can also be seen directly and related
directly to image features such as the air-core diameter.

It is possible to proceed with pixel-based images. The
aim of the project is to extract image features, and compare
and combine the results from the different modalities. Thus,
the features provide the link between modalities rather than
pixels. Note also that pixel-based images are not straightfor-
ward to compare, since each modality might use a different
pixellisation, and the reliability and accuracy of pixel val-
ues might vary within each tomogram as well as between
tomograms.

Ultrasound tomography was also employed with 16 trans-
ducers mounted in a ring to image a plane close to the top
of the hydrocyclone. Reflections from the air/liquid inter-
face at the air-core boundary are used to identify the air-core
location. A typical pixel-based image is shown in Fig. 2.

Darker pixels indicate that a reflective interface is more
likely within the pixel. The location, size, and shape of the
air-core can be clearly seen: it is a circular object at the
centre of the hydrocyclone.
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Fig. 2. Pixellated reflection-mode ultrasound tomogram of a hydrocyclone.

A search for circles within such a pixellated tomogram
using a Hough transform has been detailed in [13]. It is
perhaps simpler, however, to directly fit a circular air-core
model. A circular air core of a given radius can be judged
as regards to its suitability by a measure of the goodness of
fit between the observed times of flight and those calculated
from theory (Fig. 3). In this way an image of the air core
can be achieved without any reference to pixels.

Electrical resistance tomography was also applied to the
hydrocyclone in eight planes throughout the hydrocyclone
body. To facilitate comparison, some experiments were un-

Fig. 3. Diagram to show reconstruction procedure for parametric model.

dertaken using brine only. For these it is clear that the circu-
lar air-core model is again appropriate. The conductivity of
the brine is known and air can be assumed non-conducting.
Imaging is, therefore, simply a matter of determining the
position (two parameters) and the radius (one parameter) of
the air core. The image is simple and adequately describes
the process as it might be judged by the sensor system. If
the air core does not have a circular cross section, the ERT
measurements will be unable to distinguish the departure
from the circular model without extreme precision, which is
not available. This is an important modelling issue.

Reconstruction of the image/tomogram is also very sim-
ple. For a given state defined by a set of parameter values,
a goodness-of-fit measure can be (as shown in Fig. 3) de-
fined to compare the observed voltages with those calculated
by electric-field calculations. Fitting can then proceed as in
Fig. 3.

From the many experiments undertaken using brine and
mineral slurries, it was soon determined that the air core
appeared very close to the centre of the hydrocyclone. The
maximum deviation was in the upper plane and did not ex-
ceed 2% of the diameter of the vessel. This may have been
influenced by the rate of data capture since a slow collec-
tion protocol was followed to minimise noise levels. Note
again that deviation from the model of a central air core
is at the limit of the data accuracy in these experiments.
Under this assumption with brine only, there is a single
parameter to be determined that appropriately summarises
the cross-sectional image.

For experiments with slurry, it is known that conduc-
tivity will vary with the concentration of the slurry within
the hydrocyclone separator. Indeed this phenomenon is of
primary interest in the study of cyclones. From the above
discussion concerning a central air core and the speed and
accuracy of measurements, it is natural to assume axial
symmetry (rotational invariance) within the cyclone. Thus,
a one-dimensional radial conductivity profile is sought.
The central part of this will comprise an interval of zero
conductivity corresponding to the air core.

Note that should the assumption of axial symmetry be in-
appropriate, then the fit to the measurements would be poor:
large discrepancies would be seen between the observed
measurements and those predicted by the model. This was
certainly not the case for this campaign of experiments.

Each of the eight planes was initially treated as a single
unit from which a tomogram was determined. An adjacent
measurement protocol was undertaken using the 16 equally
spaced and equally sized electrodes giving 104 measure-
ments. With the assumption of axial symmetry, there are
seven different measurements, six repeated 16 times each
and one repeated eight times. These were taken in a noisy
industrial environment at a processing plant. Under these
circumstances, it was decided that the conductivity profile
within the slurry be modelled with a quadratic function re-
quiring three parameters. For efficiency the following form,
with orthogonal components, was used:
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σ(r) = a + b(3r − 2) + c(10r2 − 12r + 3)

whereσ is conductivity,a,b,c are parameters andr is the
position between the air core and the boundary such that 0
corresponds to the air-core boundary and 1 to the wall of
the hydrocyclone.

Given a specific state of the system defined by the four
parameters (air-core radius plus the termsa,b,c of the
quadratic), then the expected voltages can be determined
by numerical solution of the electric-field equations. The
best fit to the measurements can be calculated, given a suit-
able goodness-of-fit measure. Often a least-squares metric
is used, but care should be taken over the selection. Many
optimisation routines could then be used to find the param-
eters that give the best fit. A quasi-Newton scheme might
be chosen for efficiency [14], or a Metropolis scheme [15]
if the solution space is to be explored (in general, multiple
local optima can be present).

A typical stacked tomogram reconstructed by this
parametric-modelling approach is given in Fig. 4a. The to-
mogram reconstructed from the same data by linear back
projection (LBP) is shown in Fig. 4b. In each case, eight
imaged planes are displayed where the sizes and positions
are as the cross sections in the conical cyclone body.

Discussion of the two methods is given in the Section 4.
Note, however, that the parametric model gives far better
detail, not only of the air core, but also of the distribution

Fig. 4. (a): Tomogram of a hydrocyclone reconstructed by parametric
modelling. The central air core and details of solids distribution can be
seen. (b): Tomogram reconstructed using LBP from the same ERT voltage
data as in (a).

of solids. That is the parametric model yields the features
of interest as it was designed to do. Regions of low conduc-
tivity/high solids can be seen near the cyclone wall close to
the spigot and around the vortex finder (centre of the largest
plane). This is consistent with computational-fluid-dynamic
modelling of hydrocyclones.

The air-core and solids-variation features do have
some influence on the LBP tomogram but are not clearly
discernible. Can the parametric model provide better in-
formation? The next section documents some of the work
undertaken to validate the claims.

The results obtained from the hydrocyclone experiments
and on-line monitoring have been very encouraging. The
air-core size is precisely determined and the solids distribu-
tion throughout the cyclone is mapped. The great advantages
of these are discussed elsewhere [10].

3. Validation

The assumption of axial symmetry, which was found
appropriate, removes the requirement of multiple projection
in X-ray tomography. Consequently a hydrocyclone rig was
taken to an X-ray cell for X-ray photography. Numerous
experiments were undertaken with short exposure times in
order to assist detection of temporal variation. Motion of
the air core was again at or below the accuracy limits of the
camera but the multiple X-ray photographs can be combined
to yield less noisy pictures. The output from the camera
was again in the form of pixellated images. The air core
can be clearly seen in a typical photograph shown in Fig. 5.

Detail of variation in slurry density can be extracted from
the image [16] but in relation to a single pixel the result,
even after averaging many pictures, would be dominated by

Fig. 5. X-ray photograph showing central air core. The dark rectangles
are markers.
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Fig. 6. Graph showing agreement within 10%, and certainly within tol-
erance, of air-core radius determination by two separate tomographic
modalities: UST and ERT.

noise. To get useful information, pixels might be grouped.
A better approach, which has been adopted by others [8], is
to fit a parametric model to the radial solids concentration.
Fitting can again be achieved by determining the best fit
to the observed X-ray pixel intensities after correction for
distortion and aberration of the camera and the geometry
of the vessel (conical). That is the modelling and fitting
procedure followed (and shown in Fig. 4) can be the same
whatever the modality. This has advantages for data fusion,
covered in another paper [17].

Note that it is now an easy matter to compare results from
the three modalities since a common parameter, the air-core
radius, is used.

For water only, the air-core radius determined by UST,
ERT, and X-ray have been in close agreement (all around
2 mm). When the spigot diameter varies the air-core size
changes a small amount. The change is detected by both UST
and ERT. These modalities report similar sizes and trend:
the air core varies linearly from 1.8 to 2.5 mm as shown in
Fig. 6. Smaller variations occur with pressure change.

Note that although all the ERT values are slightly less than
the UST values, with only five matched pairs this occurrence
is not unlikely (not significant for example using a sign
test): there is insufficient evidence to indicate any systematic
error. The main result is that two very different tomographic
modalities yield almost identical values.

Sufficiently accurate determinations have not yet been
achieved from the noisy X-ray data but are expected also to
closely agree. For mineral slurries, the UST data has yet to
be processed, but again close agreement was seen between
ERT and X-ray predictions of air-core radius. Concentration
profiles have so far only been calculated from ERT mea-
surements.

4. Reconstruction of soft-field tomograms

The reconstruction of tomograms for soft-fields as in ERT
and electrical capacitance tomography (ECT) is not straight-

forward. It is, in the technical sense, an inverse problem.
Pixel-based reconstruction can be achieved but only after
much work and drastic approximations. Most commonly, a
linearisation of the problem is undertaken which imposes
great restrictions [4]:
1. It is assumed that there are no large changes in the

conductivity (ERT)/permittivity (ECT) field. Note that
for the hydrocyclone, the air core does have a drastically
different conductivity–it does not conduct.

2. It is assumed that spatial variation is slow: that there
are no discontinuities for example in the conductiv-
ity/permittivity fields. In the hydrocyclone there is a dis-
continuity at the air core.

Further false assumptions are made in order to recon-
struct by linear back projection. This last, however, is a
very popular method because it is fast and simple. Note
that blurring and anomalies then proliferate and the second
restriction results in very low spatial resolution.

When the above linearised schemes are iterated, seeking
to optimise the fit of the many parameters, multiple local op-
tima are often encountered. This is a further problem that is
not easy to overcome in an automated scheme. Reconstruc-
tion time is also greatly increased and is not acceptable for
processes that have rapid dynamics.

The parametric-model approach outlined in previous sec-
tions has the advantage of using far fewer parameters. This
makes optimisation much faster and the inverse problem can
be better posed (restricting the number of parameters has a
substantial regularising effect). When the ratio of parame-
ters to measurements is reduced, the occurrence of multiple
local optima is less often encountered.

5. Conclusions

The philosophy of parametric modelling in tomography
has been presented and compared to other approaches. An
example was given to show how reconstruction and interpre-
tation are combined with this approach. The variables from
the model were used as an accurate and appropriate sum-
mary of the tomograms. These variables are thus, suitable
for controlling the hydrocyclone slurry-separation process:
determining best operating conditions and monitoring fault
conditions.

For soft fields, linearised pixel-based schemes have seri-
ous restrictions that can make them unsuitable for some in-
dustrial applications (of which the hydrocyclone application
is one). The parametric modelling procedure given can be
better posed, and it avoids linearisation with its subsequent
restrictions.

When multiple tomographic modalities are applied to the
same process, there is great advantage in using a common
model for all modalities. This enables comparison of the re-
sulting tomograms so that for example relative performance
of the modalities can be assessed.



36 R.M. West et al. / Chemical Engineering Journal 77 (2000) 31–36

Acknowledgements

The authors are members of the Virtual Centre for Indus-
trial Process Tomography.

References

[1] R.A. Williams, M.S. Beck, Process Tomography: Principles,
Techniques, and Applications, Butterworth-Heinemann, Oxford,
1995.

[2] T.J. Yorkey, J.G. Webster, W.J. Tompkins, Comparing reconstruction
algorithms for electrical impedance tomography, IEEE Trans. Biom.
Eng. BME-34 (1987) 843–852.

[3] M. Vauhkonen, D. Vadasz, P.A. Karjalainen, E. Somersalo, J.P.
Kaipio, Tikanhov regularisation and prior information in electrical
impedance tomography, IEEE Trans. Med. Imaging 17 (1998) 285–
293.

[4] R. Pierri, A. Tamburrino, On the local minima problem in
conductivity imaging via a quadratic approach, Inverse Problems 13
(1997) 1547–1568.

[5] S.F. McCormick, J.G. Wade, Multigrid solution of a linearised
regularised least-squares problem in electrical impedance
tomography, Inverse Problems 9 (1993) 697–713.

[6] M. Vauhkonen, J.P. Kaipio, E. Somersalo, P.A. Karjalainen, Electrical
impedance tomography with basis constraints, Inverse Problems 13
(1997) 523–530.

[7] O. Isaksen, J.E. Nordtvdt, A new reconstruction algorithm for use
with capacitance-based process tomography modeling, Identification
and Control 15 (1994) 9–21.

[8] O. Isaksen, A.S. Dico, E.A. Hammer, A capacitance-based
tomography system for interface measurement in separation vessels,
Measurement Sci. Technol. 5 (1994) 1262–1271.

[9] K.P. Galvin, J.B. Smitham, Use of X-rays to determine the
distribution of particles in an operating cyclone, Min. Eng. 7 (1994)
1269–1280.

[10] J. Bond, J.C. Cullivan, N. Climpson, I. Faulkes, X. Jia, J.A.
Kostuch, D. Payton, M. Wang, S.J. Wang, R.M. West, R.A. Williams,
Industrial monitoring of hydrocyclone operation using electrical
resistance tomography, in: 1st World Congress on Industrial Process
Tomography, Buxton, Greater Manchester 14–17 April, 1999, pp.
102–107.

[11] L.R. Plitt, The analysis of solid-solid separations in classifiers,
Canadian Mining and Metallurgy Bulletin, 1971, 42–47.

[12] T. Dyakowski, R.A. Williams, Prediction of the air-core size and
shape in a hydrocyclone, Int. J. Mineral Processes 39 (1993) 61–74.

[13] M. Yang, H.I. Schlaberg, B.S. Hoyle, M.S. Beck, C. Lenn, Parallel
implemented Hough transform for pattern recognition in ultrasound
process tomography, Frontiers in Industrial Process Tomography II,
Delft, The Netherlands, April 8–12, 1997, pp. 349–354.

[14] M.H. Loke, R.D. Barker, Rapid least-squares inversion by a
quasi-Newton method, Geophysical Prospecting 44 (1996) 131–152.

[15] R.M. West, X. Jia, R.A. Williams, Quantification of solid-liquid
mixing using electrical resistance and positron emission tomography,
Chem. Eng. Comm., in press.

[16] H. Gomi, K. Hasegawa, Measurement of the liquid phase mass in
gas liquid sprays by X-ray attenuation, Int. J. Multi. Flow 10 (1984)
653–662.

[17] R.M. West, R.A. Williams, Opportunities for data fusion in
multi-modality tomography, in: 1st World Congress on Industrial
Process Tomography, Buxton, Greater Manchester, 14–17 April 1999,
pp. 195–200.


